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Nomenclature
A, C = constant matrices in linear time-invariant system
a, b = any integers
B = number of blades
Cy = speed of sound, m/s
c = acoustic perturbation amplitude
f = frequency, Hz
i = complex part
I = mth Bessel function of the first kind
K = gain of Kalman filter
k = spinning mode frequency, Hz
k, = axial wave number, 1/m
k, = radial wave number, 1/m
M; = duct-flow Mach number
N = number of microphones in an array
nx = number of states
@] = observability matrix
P = estimate covariance
p = flow pressure, Pa
t = time,s
u,v,w = velocity, m/s
% = the number of stator vanes
v = measurement noise with covariance R
w = modeling noise with covariance Q
w, = Jw/dt
x,r,0 = cylindrical coordinates
Xp, R = axial and radial positions of sensors
X = system states
y = system outputs
Ok = circumferential position of Kth microphone, rad
o = flow density, kg/m?
Subscripts
A, = mth spinning mode of A
A = mean value of A
Superscripts
A = approximation of A
A = disturbance of A
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1. Introduction

HE increasing popularity of air travel has drawn the attention of

communities that live near airports to noise pollution. To
address this environmental and social problem, silent aircraft has
been recently extensively investigated to reduce environmental
impacts [1]. Engine noise is an important noise component during the
takeoff and approach to landing of aircraft. The development of high
bypass ratio turbofan aircraft engines makes spinning mode noise to
become the dominant noise source. The tonal spinning modes are
mainly generated from the rotating fan and stator assembly [2]. Both
the near-field noise imaging using beamforming [3-3] and the far-
field fan noise estimation [6] have been conducted for isolated
spinning mode. The accurate modal decomposition and detection are
therefore quite important for the urgent development of silent
aircraft.

A couple of measurement techniques have been recently proposed
for in-duct circular microphone arrays [3,7]. The number of spinning
modes propagating within the engine duct increases at high tonal
noise frequency. As aresult, the number of microphones should be as
large as possible to accurately decompose spinning modes. Up to 100
sensors have been used in recent experiments for modal decom-
position [8]. The whole testing system and experimental procedure
are complicated to maintain the consistent and robust performance.
In addition, the state of spinning modes instantaneously reflects the
working condition of the rotating fan and stator assembly and thus
can be used for monitoring engine health in real time. A simplified
mode detection and decomposition method using a small number of
microphones is therefore preferred. An advanced signal processing
method was considered in this work. A new testing algorithm using a
single sensor was proposed, which constitutes the main contribution
of this paper.

II. Background
A. Motivation

The most dominant noise source of turbofan engine is the noise
generated during the interaction between rotating fans and nearby
stator vanes. The vortical flow in the rotor wakes impinges the stator
surface, leading to the generation of noise, which mainly consists of
tonal spinning modes. A beautiful manipulation using Fourier series
has shown the relationship between the mth spinning mode and the
number of stator vanes V and the number of rotating blades B [9],

m=aV + bB (€]

where a is any integer and b denotes the bth harmonic of blade
passing frequency. It is also possible to write the spinning modes at
each frequency by a Fourier series in terms of azimuthal modes [2],
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It is straightforward that the mth azimuthal modal amplitude
satisfies
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The integral representation is approximately implemented in
practical tests using a circular array with N equidistantly deployed
sensors (see Fig. 1), that is
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Engine duct

Fig. 1 Illustration of a spinning mode noise (downstream, m = 5) and
the setup of an in-duct circular array with 16 sensors (upstream, denoted
by O).
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where 6y = 27K/N (for K =1,...,N), and x, and R are the axial
and radial positions of sensors. The detectable azimuthal modes are
in the range of |—N/2| to |[N/2]| from the Nyquist and Shannon
sampling theorem.

A new method was developed in this work to detect spinning
modes using a single sensor that could extensively save huge
experimental effects. This new method also enables real-time
monitoring [10] of rotor-stator acoustic status in harsh working
conditions. In addition, the usage of only a few sensors imposes the
minimum impact on engine mechanical structure and thus greatly
simplifies the installation and maintenance procedure.

B. Preliminary knowledge

The theoretical background behind the proposed method is the
Kalman filter [11] that estimates the amplitude of each spinning
mode. The Kalman filter is briefly introduced below for the
completeness of this paper. The essence of the Kalman filter is to
estimate varying properties (spinning mode profiles for the case) of a
system with the knowledge of its dynamic model and measurements
(sound pressure for the case). A linear time-invariant (LTI) dynamic
system can be described using the state space model

930 = Ax(0) + w(r) )
dr

y (1) = Cx(1) + v(1) (6)

where ¢ is time, x represents all states in the model, y denotes
measurements, A and C are constant matrices, w is process (or
modeling) noise, v is measurement noise, and w and v are
presumably white noise with zero-mean normal distribution and
covariance Q and R, respectively; that is, w(z) ~ N(0, Q(7)) and
v(t) ~ N(0,R(?)). The control input u(z) in a generic state space
model is omitted in Egs. (5) and (6).

A continuous time version of the Kalman filter can be constructed
to estimate states x and the covariance of the estimation error. The
filter consists of the following equations:

%)}(z) = AR() + K()(y(1) — CR(1)) %)

K (1) =P@HC (HR™' (1) ®)

%P(t) =AP(t) + POAT + Q(1) — KORMOK (1) (9)

where the symbol " denotes an estimation. The detailed theoretical
background and developments of the above filter can be found in the
literature [11] and numerous following papers [12].

III. Theoretical Development

A. Mathematical Model by Partial Differential Equations

A suitable mathematical model should be first constructed to apply
the Kalman filter. Viscous dissipation and heat conduction are
neglected for the studied sound propagation within a subsonic mean
flow. The compressible Euler equations in cylindrical coordinates are
used to model fluids around an axisymmetric duct, written in the
conservative form as follows:

Op  Opu) (% + %) (pv) %pr) =0

ot ox a0

300 (2 ) 120 2

20 (3 D 1 2
T

where x is the axial coordinate, r is the radial coordinate, 0 is the
azimuthal angle, p is the density, p is the pressure, u is the axial
velocity, v is the radial velocity, and w is the azimuthal velocity.

As the acoustic perturbations [p’, o/, and u’ = (u/,v', w')] are
small compared with the background mean flow variables [p,, 0y,
and u, = (ug, vy, wy)], sound wave propagation can be simply
modeled by linearized Euler equations (LEE). For example, the
momentum equation of the LEE in the vector form is

ou’
dt

' 1
+ (up.V)u’ + (0'.Vyu, + ﬁ(uo.V)uo =——Vp' (11
Po Po

To construct a state space model that is suitable for a single-sensor
test case, the above three-dimensional equations have to be reduced
to a two-dimensional version without the terms including d/9d6. This
simplification can be conducted as follows. First, it can be assumed
that the acoustic disturbances are restricted to the blade-passing
frequency and its harmonics. A Fourier series in terms of azimuthal
modes m and frequency harmonics k can represent the acoustic
disturbances,

o0

P= D phlx, r)eli=n) (12)

m=—00

We can simply restrict pressure disturbance to a single mth azimuthal
mode,

wl (x, 7, 0, 1) = w, (x, r)elitt-—md)]
P, 7, 0,1) = ply (x, r)eliti=m0] 13
Subsequently, two important relations for the circumferential

velocity disturbance w’ and the pressure disturbance p’ can be
achieved as

ow,,  mow, PP

56 o 990 = kPl (14)
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As a result, the above three-dimensional LEE in the cylindrical
coordinates can be simplified to a set of two-dimensional equations
(the so-called 2.5D LEE [13]). For the uniform mean flow (u, 0, 0)
in the engine duct, the complete governing equations for a single mth
azimuthal mode at a single frequency & are

ap;n 8,0;,1 au;'n 81);,” kv;n B mw;m _

8t+uo 3x+ 0(3x+8r+ kr =0

ul, ou,,  JIpl, av,, v, ~ dph,

m Zm =0, m m =0

at Tt dx +po8x at + o dx +p03r

ow, ow, k

Sy S+ 2 =0 (15)
at ax  por

where w},, = dw),/dz. All variables are nondimensionalized using a
reference length, a reference speed, and a reference density. These
equations are in the two-dimensional (x —r) domain, and the
solutions can be extended to the complete three-dimensional
(x —r —0) domain using Eq. (12). For the idealized geometry
depicted in Fig. 1 (straight and semi-infinite unflanged duct), the
solutions are

Pin(5, 7, 0,1) = J,, (k) ker )

k )
u;n (X, r, 9, [) = k—Cik:%Jm (krr)e’(k”kax*m@
e dU k)]
L, r, 0,1 = mir i(kt—k,x—mb)
vm(x ’ ) lk_kan dr ¢
j cmk i(kt—k,x—m
W, (x, 7,0, 1) = lm‘]m(kr”)el(k’ kyx—mb)
p;n ()C, r, 0, t) = CJ,,I(k,r)e"(k’*ku"*me) (16)

where M; = u,/C,, C, is the speed of sound, c is the amplitude of the
acoustic perturbation (the nondimensional value is normally less
than 1073), and J,, is the mth-order Bessel function of the first kind.
The nth radial wave number k, of the mth spinning mode is the nth
solution of the following equation determined by the hard-wall
boundary conditions of the duct:

dr

The axial wave number k, of the mth mode can be subsequently
calculated using

k (1 — M?)
b :l—A/ﬂ<_Mf e ) W
J

The choice of =+ in Eq. (18) is determined by the direction of the
spinning wave.

B. Simplified State Space Model

The previous mathematical manipulations have simplified three-
dimensional partial differential equations to two-dimensional partial
differential equations, which enables the use of a single sensor. All
spatially differential terms in Eq. (15) should be further replaced to
construct state space equations of the form of Eq. (5). The spectral
method can be used to manipulate partial differential terms, i.e., the
terms of d/dx in Eq. (15) can be replaced by —ik,. This technique
helps to reformulate partial differential equations in flow dynamics to
ordinary differential equations in control. It is still difficult to reduce
the term of dv'/dr, which is therefore regarded as process error w in
the state model for the mth spinning mode

Phn tkauo — ikapo  —po/r pom/krT [ P
d M;" ika/lo() ika Up 0 0 u;n
de| v, | 0 0 ikyu, 0 "
w;m _mk/IOOr 0 0 lka Ug w;m
—— ———
dx(r)/dt A x(1)
poav;n/@r
0
+ (19)
0
0
N———————
w(r)

The process error w should also include other modeling errors. It is
also worthwhile to point out that Eq. (19) is prepared for the
microphone that is surface mounted on the hard wall of the duct,
where v), and dp),,/dr equal 0.

According to Eq. (2), the output equation of the state space model
is

o0 o0
p = Z i, r, e = pl + Z pi(x,r 1)e ™

I=—00 I=—00.l#m

,0/

/ 00
=[1 0 0 0] :" + Z o (x, r, t)e= " (20)
h{_/ U I=—00,I#m

wy, u(1)

x(1)

where the nondimensional p), equals p),. The measurement error v
mainly represents interferences from other spinning modes. The self-
noise from the sensor can be included in v as well.

Given Egs. (19) and (20), an observability matrix can be
constructed:

C

CA
0 = . (21)

C Anx—l

where nx is the number of states x; it is four for the case. From linear
control theory, the system [Eqs. (19) and (20)] is observable if and
only if the rank of O equals nx. In other words, the states x can be
determined only using the measurement outputs if the system is
observable. Once the system is observable, a Kalman filter [Egs. (7—
9)] can be designed to approximate the spinning mode of interest.

C. Implementation

The purpose of the method developed here is to extract any single
spinning mode information from sensor measurements over time,
containing noise and interference from other spinning modes. A
dynamic model for the spinning mode of interest can be constructed
using above equations [Eqs. (19) and (20)]. Potential spinning modes
can be calculated using Eq. (1), given the blade rotating frequency,
the vane number V, and the blade number B. The related radial wave
number k, and axial wave number k, can be computed using
Egs. (17) and (18), respectively. The coefficient matrices can be
constructed and the observability of the LTI system can be examined
by checking the rank of the observability matrix [Eq. (21)]. It is easy
to see that the linear system [Egs. (19) and (20)] is observable for
most generic cases (with u, # 0). The Kalman filter can be designed
and conducted to estimate spinning modes based on the real-time
measurements from the single sensor. All the preceding formulations
are prepared for a continuous time system. It should be noticed that
the discrete form of the Kalman filter [14] has to be considered for
practical cases with sampling time step 6. For example, the discrete
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Fig. 2 The spinning modes propagating in the turbofan engine duct, where § = 0 and M; = 0.2.

counterpart of A is e*%. More details of discrete linear system and its
Kalman filter are omitted here for brevity.

IV. Results and Discussion

The attention of this paper is mainly focused on theoretical
development. Some primitive numerical simulation results are given
here to demonstrate the new method. The following configuration
can be found for a practical turbofan engine, where the number of
rotor blades is B = 22 and the number of stator vanes is V = 55. The
resulted spinning modes for the first harmonic of the blade passing
frequency are m = ... —88,—-33,22,77 ..., according to Eq. (1).
The nth radial wave number and the axial wave number for each mth
spinning mode can be calculated using Eqs. (17) and (18), e.g.,
kr(mw n)|m:—33.n:l = 358’ ka(mw n)'m:—33.n:l =—1.54— 357l’
where M; is set to 0.2 for approaching stage, the blade passing
frequency f is 400 Hz, and thus the nondimensional k = 7.39
(k=2nf/Cy). The sound propagation at =0 deg in a
straightened engine duct (the radius R = 1) is shown in Fig. 2 for
each mth mode, respectively. The spinning mode sound source is at
x = 0 and propagates to the intake lip (x = 0.3 m). The sensor is
surface mounted at x =0.1, R=1, 6 =0. The details of the
numerical computation can be found in the literature [13]. It can be
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Fig. 3 The results of the 22nd mode in the time domain.

seen that the two modes m = —88, 77 are quickly attenuated in the
duct. Other modes of higher absolute values are also cut off for the
given frequency. As a result, only the two spinning modes m = 22
and m = —33 are considered in the simulation. In addition, the
measurements are polluted by self-noise of sensors and facility
background noise. A suitable value has been assigned to the
covariance of v(t) to take this pollution into account.

The simulation results in the time domain are shown in Fig. 3. A
circular array with 100 equidistant sensors is virtually placed at
(x=0.1, R=1). The measurements reflect the combinational
results of the pollution noise, the 22nd and the —33rd spinning
modes. It can be seen that the array results using Eq. (4) for m =22
satisfactorily approaches the analytical solution. In other words, the
array with 100 microphones successfully extracts the single spinning
mode from measurements over time, combing two different
azimuthal modes.

If we reduce the microphone number to one, the measurements for
the 22nd mode are negatively affected by the —33rd spinning mode
as well as various background and facility noise. The measurements
of the single sensor largely deviate from the analytical solution. In
contrast, the proposed method based on the Kalman filter greatly
improves the single-sensor test performance. The difference between
the filtering results and the analytical solutions is reduced by at least
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Fig. 4 The results of the 22nd mode in the frequency domain.
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50%, given the model for the spinning mode of interest (which is 22
for the test case) as well as statistical information of w and v.

The spectral results are compared in Fig. 4. It can be seen that the
single-sensor measurements are polluted at higher frequency ranges.
The Kalman filter-based method can be applied to reduce the noise
by approximately 5 dB at most high frequency ranges. The best
outcome is achieved by the circular array, which can attenuate the
noise by almost 20 dB beyond k = 20. The price to pay for the good
performance is the complicated maintenance of 100 sensors. In
contrast, the Kalman filter-based method proposed here can generate
an acceptable performance simply using one sensor. This new
method thus achieves a good compromise between the performance
and the experimental costs.

A similar state model can be constructed for the m = —33 case and
the same filtering process can be conducted. In addition, for
simplicity, only the first radial modes are considered in the simulation
(see Fig. 3). A model can be constructed for second radial modes in
the same way [using Eqgs. (17-20)]. The proposed method still
applies. Similar findings have been discovered and results are
omitted for brevity. It should be noted that a good estimation depends
on the reasonable choices of the noise covariance matrices Q and R,
which can be estimated from experimental data in realistic tests.
Higher radial modes are rapidly damped for the chosen frequency.
We should admit that much more spinning modes, having various
azimuthal, radial modes, and frequencies, could propagate in an
engine duct for a practical engine case. Moreover, the duct wall of an
aeroengine is rarely straight but has a small curvature. Extensive
research is still being done in our group to resolve these practical
issues.

V. Summary

Spinning modal decomposition and detection of an aeroengine are
quite important for the urgent development of silent aircraft. An in-
duct circular microphone array has to be used for the existing
measurement techniques. To accurately decompose high spinning
modes, the number of microphones should be as many as possible,
which is, however, quite inconvenient for practical tests. In this work,
anew testing algorithm that only needs a single sensor is developed,
which constitutes the main contribution of this paper. The
fundamental idea behind the testing method is the Kalman filter that
was originally developed for ordinary differential equations. The
three-dimensional partial differential equations describing spinning
modes propagation was therefore simplified to the two-dimensional
ordinary differential equations in this work. Although the main
attention of this paper is focused on theoretical development, some
primitive results of numerical simulations were given to demonstrate
the proposed new method. In summary, this Kalman filter based new
method is believed to hold great potential in both scaled model tests
and practical engine health monitoring.
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